The problem of initializing phase in a quantum computing system is considered. The initialization of phases is a problem when the system is initially present in an entangled state and also in the application of the quantum gate transformations since each gate will introduce phase uncertainty. The accumulation of these random phases will render the recently proposed quantum computing schemes ineffective for all but toy problems.
I think I can safely say that nobody understands quantum mechanics.
-Richard Feynman
Introduction
A quantum state is undetermined with respect to its phase. This indeterminacy is in principle irremovable [6] . The uncertainty of phase, together with superposition, is responsible for the power of quantum mechanics. It also compels us to speak of information in positivist terms-with respect to an observation rather than in an absolute sense. Since phase indeterminacy is fundamental to quantum description, it is relevant to examine its implications for quantum computation. This indeterminacy can manifest itself in a variety of ways due to the interaction with the environment or while initializing the quantum register. Quantum computing algorithms assume that the state of the quantum register has its phase uncertainty lumped together, so that it can be ignored. This is true enough in certain idealized state preparations. But more realistic situations may not permit it to be lumped together.
Effects of decoherence in the implementation of quantum computation have been widely discussed in the literature [3, 4, 7] as one of its main drawbacks. Random phase shifts, without disentaglement of the states, can also cause serious problems in an ongoing quantum computation. These are unitary transformations of the form:
where a * and b * contain unknown phase angles. Recent quantum computation algorithms [8, 5] use a method of increasing the amplitude of a marked solution state at the expense of unmarked states. This is achieved by changing the difference in the phase angles of the marked and the unmarked states. But injection of random phases makes it impossible to perform search that will exploit quantum parallelism.
At the implementation level, the representation of a unitary transformation in terms of a sequence of small-degree gates (such as 2-bit gates) will introduce random phase shifts at each gate that will have an effect similar to random phases in a register. In other words, the current conception of quantum computers appears to be unsuitable in terms of implementation.
State preparation
A quantum register of length n is postulated where all the superpositions of the N = 2 n basis states exist with the amplitudes:
The idea in the initialization of the quantum register is to place all the N = 2 n states in a superposition where each basis state is equally probable. But how is this done? By placing a bit, say a 0, in each cell. Now, the following transformation
is applied to each bit, transforming it into the superposition with the amplitudes (
). But this would be true only to within an unknown phase angle. Strictly speaking, the state of the cell should be written as:
where θ is the unknown phase of the initial 0.
Such a preparation for each qubit leads to the lumping together of the uncertainty for the state of the register. Here we can imagine that photons have been passed through a horizontal polarizing filter and then rotated by the transformation M to produce entangled qubits.
But to consider this problem from a less idealistic perspective, it should be remembered that the object that carries the qubit, be it a photon, an electron, or an atom or a molecule with a certain spin state, is already physically present at its location. Given that fact, the initialization procedure is to let the object relax to the entangled state which in its most general form will be:
The state of the quantum register will then be:
Although each of the 2 n states has the same probability, the associated phases are unknown and so it is impossible to use a method of amplitude amplification on any marked state. Phase rotation for a case where the phases are randomly distributed will be meaningless.
Quantum gates
It is normal to speak of the phase function with the state of the quantum system, but this can also be expressed, equivalently, in terms of an arbitrary phase associated with the unitary operator because, operationally, from the point of view of a measurement, these two are indistinguishable. Clearly, the problem of the initialization of the quantum register will have a parallel in the initialization of the apparatus used to implement unitary transformations.
The quantum computers implements the time-evolution operator U , that represents the transformation on the data in the register, in terms of smaller gates. For example, DiVincenzo [2] showed that two-bit gates are universal for quantum computation. This was done by showing that appropriate sequence of two-bit gates can realize Deutsch's three-gates that implement the Toffoli reversible gates.
But the unitary transformation with each gate, in itself, is associated with an unknown phase, and these values will migrate in the direct product operation used to construct the larger gates. In other words, the realization of the system unitary matrix in terms of the small gates will be correct only in the absence of the random phases.
(In the recursive development of the S-matrices for the various gates, Deutsch [1] failed to include the unknown phase with the embedded S-terms, assuming thereby that the gates were initialized.)
Random phase shifts and decoherence
Implementations of quantum computing based on trapped ions, quantum dots, cavity-QED, and nuclear magnetic resonance (NMR) are being investigated. [3] Here it is assumed that there are no randomized phases in the initialized register. But we must consider the issue of decoherence that leads to a decay of the entangled states to some basis states due to an interaction with the environment. The decoherence time can vary from 10 −12 sec for electron-hole excitation in the bulk of a semiconductor to 10 4 sec for nuclear spin on a paramagnetic atom. If t d is the typical decoherence time, the decoherence characteristics for a single qubit are proportional to e −t/t d . For multiple qubits one must multiply the individual characteristics. For a quantum register of n qubits, the decoherence characteristics are given by
In other words, the effective decoherence time decreases linearly with the length of the register.
Decoherence may be viewed as a decay in the off-diagonal elements of the density matrix representation of the state of the register. But in operational terms, the process is a cumulative effect of random phase shifts introduced by the interaction with the atoms of the environment. Ultimately, the qubit object falls in one of the basis states in equilibrium with the state function of the environment.
In this perspective, the equilibrium may be viewed to be the end result of a walk executed by the phase of each qubit within the energy state basin to its least value. But since the qubits are physically isolated to the extent possible, one may take this walk to be a random one. If the step size in this walk is s, associated with a characteristic time of τ , then after mτ will be ms 2 . Since, the distribution of the random walk can be approximated by the Gaussian function, a Gaussian error with a linearly increasing variance will characterize the departure from the desired values of the phase angles.
To stress why the knowledge of relative phases is important consider Grover's quantum search algorithm [5] , where a certain transformation is applied to the state which computes the property that the database item being searched uniquely satisfies, marking that state in the process, further generating transformed states in superposition. Next, is the procedure that increases the amplitude of the marked state progressively: the phase angle of the marked state is rotated through π radians and the diffusion transform D applied as follows:
This process is repeated a total of about When N is large, the error in amplitude will be −ǫ/ √ N in each step, but this will progressively increase in subsequent steps.
Conclusions
The undetermined phase of a quantum state can be seen, equivalently, in an undetermined phase associated with each unitary operator. Normally, this has no significance because the usual representations deal with the entire system and so the phase is effectively a lumped term that has no observational value. In considering a unitary transformation as being built out of smaller blocks, the phase cannot be ignored. In other words, there is no way we can effectively "initialize" each quantum gate.
If one did not concern oneself with the question of the realization of the gates, assuming that the system unitary transformation will be somehow carried out, one still has a difficulty with the random phases in the component states of a quantum register. Given these random phases, one cannot manipulate the amplitudes to increase the value for a marked state as is required in the search problem. If the random phases exist in the initialized register, computations exploiting quantum superposition cannot be performed. If the randomization doesn't exist in the initialized register and is forced upon the computation in the later stages, then this might shorten the time range where useful computations can be performed even more than by decoherence.
